Answering a problem with plain English

Problem 1.8c: For a solid, we also define the linear thermal expansion coefficient,
«, as the fractional increase in length per degree:
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(c) Prove that the volume thermal expansion coefficient of a solid is equal to the sum
of its linear expansion coefficients in the three directions: § = a, + a, + . (So for an
isotropic solid, which expands the same in all directions, 5 = 3a.)

Traditional solution

B=2 and AV = V; -V,
Vi =uxyz

Increase temperature by AT = V; = (x + Az)(y + Ay)(z + Az)
To leading order in Az, etc Vy >~ zyz + Azyz + xAyz + xyAz
AVI)V = Az/x+ Ay/y + Az/z

— AV/V | Az/as+Ay/y+Az/z
b= N N =a, +ay,+a, B

Plain English solution

We want to understand how the volume thermal expansion coefficient should be related
to the linear thermal expansion coefficient. These expansion coefficients are so far em-
pirical properties of a material (we haven’t related them to changes in the interatomic
interactions, for example) but we can safely assume that the fractional expansion will be
small. It is simple to write down the total change in volume of an object of side lengths
x,y, z subject to a change in temperature of AT as

AV =V, =V, = (z+ Az)(y + Ay) (2 + Az) — zyz.

However since the change in any of the linear dimensions of an object subject to a
temperature change will be small we can safely ignore any term that has more than one
A in it, as it will contribute negligibly to the whole. Therefore, we can approximate the
total change in volume by the sum of changes in volume for only one dimension at a time
as

AV ~ Axyz + vAyz + zyAz

and thus
AVIV ~ Azx/x + Ay/y + Az/z.

From here the answer is easy. We are interested in the volume thermal expansion
coefficient 3, so plugging in our above approximation we find that

AV/V Axfz+ Ayly+Az/z _

P=—ar = AT =Gty

as expected WM.



